
Lecture 2 Principal fibre bundles
-
-

wewill now specialiseto principal fibre bundles , so called because the typical fibre is a principally
homogeneous space for a lie group . ( I realise that I

may have just related two things you are
unfamiliar with

,
so let's start with some definitions . )

7¥ A lie group consists of a manifold G which is also a group and suchthat

group multiplication GxG → G
, Cg , h) t gh , and group inversion G → G

, gag
-'
, are

smooth maps .

I f g
EG
,
we define diffeomorphisms Lg : G→ G

,
ht gh , and Rg : G→G ,

htshg , called left a night multiplication by g .

A vector field § E *CG) is left-invariant

if @g)* § = } FgEG .
be other word

,
E is left- invariant if 5cg) = @g)* Bce) , with ee G the identity .

Similarly , E is right-invariant if ④g)* 8=8 FgEG .
The lie bracket of two left - invariant

vector fields is left-invariant . The vector space of left-invariant vector fields defines the lie algebra
g of G . Since a LIUF is uniquely determined by its value at the identity , g E TEG as a vector
space , but we can transport the lie bracket from g to TeG in such a way that g ETEG as a

lie

algebra .

We will identify g with TeG at times .

Under that identification
,
the maps (as gEG)

@g-1)* : Tg G → TeG=9 define a one- form -0 with values in g ,
called the left- invariant Maurer-

Cartan one- form .
If § is a LIVE, 0-(55--56)

. By definition , O is left- invariant : Lg
't 0=0

FgEG .

It satisfies the structure equation do = -I fo, of where [0,01 is both the x of one- forms
and the lie bracket . he other words

,
DOCE

,7) = - [0-(51,0-4)] for vector fields big c- HCG) .

If G is a matrix tie group , Og = g-
' dog from where left- invariance andthe structure equation follows .

Every gEG defines a diffeomorphism Lago Rg- i
'

- G→ G
,
ht ghg- l . Since geg

- I =e
, its derivative

belongs to GLLTEG) = Ghg) . This defines the adjoint representation of G on g : Adg = 4g)*042g
' '

)*

Notice that Rg* O = Adg-100 (It. - Rtg Ohg = Ohgo g)* = Cag,-7*0 g)* = kg-4*047*042g)* =kgD*o@g)*Chi)* -- Adagio 0h )



A left action of a lie group G on a manifold M is a smooth map G x M→ M
,
devoted (g, a)t ga ,

satisfying the axioms g.
. (ga. as = (g.gas - a and e - a = a FaeM , Fg . . ga EG .

( Tahoe 'uioioandiffeomorphism?)
similarly , one defines a right action MxG → M

,
Ca , g) (→ a -g to be a smooth map such that

V-gn.geG and a E M
, Ca . g.) . gz = a

- (8.ga) and e.a -- a . There is no real difference between left and

night actions : if G acts on M on the right , we can define a left action by g -a := a-g-
' and viceversa .

An action of G on M is said to be transitive if the G- orbit of any point
is all of M ; equivalently

if given any
two points in M ,

there is some group element taking one to the other . The action is said
to be free if the only element which fixes any point is the identity .

A G- torsos is a manifold M
on which G acts freely and transitively . It follows that choosing any point in a G-torsos M

defines a diffeomorphism G E M
.

So a G-torso is like a lie group where we have forgotten
the identity .

A vector space V is an abelian lie group and a V- torso is just an affine space
modelled on V .

G -torsos are also called principally homogeneous G-spaces
.

8.DeRm7ion Let G be a lie group .

A principal G-bundle is a fibre bundle P IT M together
with a smooth right G-action Px G → P

,
Cp ,g) '→ rgcp> = pg , which preserves the fibres

( t (pg) = ELP) Fptp, gEG ) and acts freely and transitively on them . It follows thatthe fibres are

the G-orbits and hence M = PIG .
The condition of local tonality now says that the local

tuuialisatious it
- ' (U)⇒ Ux G are G - equivariant , where 4 (p) = (*Cps ,HPD F G - equivariant

smooth map 8 : it
- ' (U) → G which is a fibneeoise diffeomorphisms . Ego variance means 81pg) = Xp) g .

A principal G-bundle P M is trivial if 7 a G-equivariant diffeomorphism P -4 MxG
.

9.Proposi7i A principal G- bundle P M admits a section if and only if it is trivial .
Proof If PIM is trivial

,
4 : P→ MxG

,
we define a section S : M→ I by sca) = 4-

'

(a, e) .

If s : M→ I is a section
,
we define 4 : P→ MxG by Hcp) = (Tcp) , Kp)) where XCP) EG is uniquely

determined by p = slit DXCpl . Notice that Xcpg) = Xcp)g , since SLIGH Xcp) g = SECpg)) Xcpg) = pg . Egad



10.tn/aupk- Let G be a lie group and H G a closed lie subgroup .

Then G GIH is a

principal H-bundle . Therefore homogeneous spaces are examples of principal bundles .
-

Since PFBS are locally trivial , they admit local sections . Let { (Ua,Ya)}aeA be a

tuutalisiug atlas for G→PIM
.
The canonical local sections sa : Ua→ it

- ' Ua are given

by Sala) = 45
' ( a , e) .

Oh Uap , we have sections sa and Sps .
How are they related?

Let
up

. # Uap⇐ Uap + GUapx G← Ya ( p) = (Tcp) , g. Cps) Ga : Ua→ G set
.
Ga (peg) = Gdp) g

Let p E IT
- ' Ugs .

Then http) , gulps) = Ya Cp) = @04J
'

opp) (p) = (Kolff' ) (ICM , gpcp))
i
. ( tcp) , gulp) gptcplgplp)) = (Kolff

' ) (itcpl , gpcp))
-

=: ⑤a Cp)

Notice that gap(pg) -= gacp.gs gpcp.gs
- '

= ga g g
-'

Gpcps
"
= Igs Cp) ,

so its constant on the fibres
and hence

gap = t
't

gap 7 gap : Ugg→ G and @ 045
'

) La , g) = (a , gaping)

It follows that {gap : Ugs→ G } obeys the • cycle conditions .

Then Lo gap '

- Ugs→ Doff (G)

are the transition functions of the PFB
; although one often refers

! {Gap} as the
}

transition functions .

Finally we can answer the question : how are the canonical local sections related on overlaps?
Notice that Gao Sa is the constant map Ua→ G sending at> e taElla .

then
,

Ga = Gap DgpCp) ,
hence for p = Spca) , Ga (Spla)) = gap (a) = gals, Ca)) GapCa) = ga (Sala> gap (a))

since ga is adiffeomorphism, sppCatf a c- Uap .


